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We apply the moment method to nonlinear pulse propagation in silicon waveguides in the pres-
ence of two-photon absorption, free-carrier dispersion and free-carrier absorption. The evolution
equations for pulse energy, temporal position, duration, frequency shift and chirp are obtained. We
derive analytic expressions for the free-carrier induced blueshift and acceleration and show that they
depend only on the pulse peak power. Importantly, these effects are independent of the temporal
duration. The moment equations are then numerically solved to provide fast estimates of pulse
evolution trends in silicon photonics waveguides. We find that group-velocity and free-carrier dis-
persion dominate the pulse dynamics in photonic crystal waveguides. In contrast, two-photon and
free-carrier absorption dominate the temporal dynamics in silicon nanowires. To our knowledge,
this is the first time the moment method is used to provide a concise picture of multiphoton and
free-carrier effects in silicon photonics. The treatment and conclusions apply to any semiconductor
waveguide dominated by two-photon absorption.
I. INTRODUCTION
Semiconductor waveguides offer the potential for
highly integrated and low-power optical devices for ap-
plications such as optical communications [1, 2], ultra-
fast measurements [3] and quantum communications [4].
Silicon in particular combines very high nonlinearity [5]
and well-developed micro-fabrication techniques [6]. In
addition to displaying nonlinear phenomena common to
all Kerr materials such as four-wave mixing [7] and soli-
ton compression [8], silicon and other semiconductors
exhibit multi-photon absorption and free-carrier effects.
This gives rise to additional phenomena such as nonlinear
losses [9], the free-carrier induced blueshift [10] and pulse
acceleration [11]. Given the large body of experimental
work in silicon photonics, a deep theoretical understand-
ing of multiphoton and free-carrier effects on optical pulse
propagation is important to evaluate their impact on sil-
icon and semiconductor photonics devices. This can also
elucidate novel nonlinear wave phenomena.
Several theoretical approaches have been applied to sil-
icon photonics devices. In general, the nonlinear equa-
tions for wave propagation can be solved numerically [9].
Alternatively, analytical methods provide a more funda-
mental understanding by exposing the phenomena un-
derlying the observed effects. In some cases, the equa-
tions can be solved directly under some assumptions.
For example, an integral solution for pulse propagation
in silicon was obtained in the case of small variation of
the temporal pulse [12]. Such methods provide informa-
tion on intrapulse temporal dynamics, but basic physi-
cal interactions are often embedded in implicit equations
making it challenging to derive intuitive understanding.
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Alternatively, to elucidate the physical scalings of pulse
propagation dynamics explicitly, we can derive a set of
evolution equations for discrete parameters such as en-
ergy and pulse duration. These latter methods allow
trends to be isolated and quickly evaluated over a broad
range of parameters. A well-known example is the calcu-
lation of the Raman-induced soliton self-frequency shift
in optical fibers [13]. Recently, perturbation theory has
been applied to soliton interaction with free-carriers ef-
fects [14, 15]. This technique can directly estimate the
soliton blueshift, but pulse parameters are limited to
those of a fundamental soliton.
A more general analytic treatment of pulse propa-
gation in silicon photonics should allow unconstrained
parameters. The method of moments provides general
trends by allowing arbitrary pulse shapes and parameter
sets. The root mean square (RMS) quantities of interest
for the pulse are defined and differential evolution equa-
tions are extracted [16]. The method of moments has
been applied to glass media such as optical fibers to es-
timate jitter in optical communications [17], as well as
model intrapulse Raman scattering [18, 19] and the non-
linear dynamics of short pulses [20, 21]. However, to our
knowledge, the moment method has not been applied to
semiconductor effects such as nonlinear losses and free-
carrier interactions.
In this article, we apply the method of moments to
pulse propagation in silicon photonics. We derive gen-
eral equations for pulse evolution taking into account
two-photon absorption (TPA) and free-carrier dispersion
(FCD) and absorption (FCA) in addition to dispersion
and self-phase modulation (SPM). Analytical expressions
for the free-carrier induced blueshift and acceleration are
obtained. These are found to depend explicitly on the
pulse peak power only, due to the accumulated nature
of free-carrier effects. Surprisingly, they are found to be
independent of the pulse temporal duration. The mo-
2ment equations are then solved numerically to study the
influence of free-carrier effects in silicon photonic crystal
and nanowire waveguides. Finally, the moment trends
are compared with full numerical simulations and exper-
iments, and good agreement is found over a broad range
of input powers. The model developed here provides a
concise and general picture of the complex pulse shaping
effects observed in silicon waveguides directly in terms of
the basic physical mechanisms underpinning them.
II. THE MOMENT METHOD IN SILICON
WAVEGUIDES
Pulse propagation in semiconductor waveguides can be
modelled using a generalized nonlinear Schro¨dinger equa-
tion (GNLSE) [9]. For semiconductor waveguides such
as silicon where two-photon absorption is the dominant
nonlinear absorption mechanism, the equation is:
∂A
∂z
= −α
2
A− iβ2
2
∂2A
∂t2
+
β3
6
∂3A
∂t3
+ iγ|A|2A
− γTPA
2
|A|2A+
(
inFCk0 − σ
2
)
NcA. (1)
Here A(z, t) is the amplitude envelope (the power P =
|A|2), Nc(z, t) is the free-carrier density, α is the linear
propagation loss and β2 and β3 are the group-velocity
dispersion (GVD) and third-order dispersion (TOD) co-
efficients, respectively. The Kerr nonlinear parameter
causing self-phase modulation is γ = n2k0/Aeff and
γTPA = αTPA/Aeff is the two-photon absorption pa-
rameter. The free-carrier absorption parameter is σ and
the carrier density-dependent refractive index coefficient
nFC causes free-carrier dispersion. Note that nFC is gen-
erally negative since in a free-carrier plasma higher den-
sity lowers the refractive index [22]. The bulk nonlinear
parameters are the intensity dependent refractive index
n2 and absorption αTPA. The effective mode area is Aeff
and the vacuum wavevector is k0.
For the free-carrier density in silicon, we consider that
two-photon absorption is the dominant generation mech-
anism. This is the case when doping and carrier injection
are absent. The free-carrier density is then governed by
the equation:
∂Nc
∂t
= ρFC |A|4 − Nc
τc
. (2)
We have defined the free-carrier generation rate ρFC =
αTPA/(2~ω0Aeff
2) with ~ω0 the photon energy, and τc
is the free-carrier lifetime. From here on we will as-
sume that the free-carrier recombination term is negli-
gible. This requires τc to be much longer than an indi-
vidual pulse but much shorter that the pulse train period.
For silicon waveguides we have τc ∼ 1− 10 ns [23, 24], so
this assumption is valid for femtosecond and picosecond
pulses with megahertz repetition rates.
The method of moments reduces the dynamics of pulse
propagation down to a set of discrete parameters. We
start by defining the moments of energy E, acceleration
Tc, spectral shift Ω, RMS temporal width σt and RMS
chirp C˜ [18]:
E =
∫
∞
−∞
|A|2dt, (3)
Tc =
1
E
∫
∞
−∞
t|A|2dt, (4)
σt
2 =
1
E
∫
∞
−∞
(t− Tc)2|A|2dt, (5)
Ω =
i
2E
∫
∞
−∞
(A∗∂tA−A∂tA∗)dt, (6)
C˜ =
i
2E
∫
∞
−∞
(t− Tc)(A∗∂tA−A∂tA∗)dt. (7)
Propagation equations for each moment can be ob-
tained by taking the derivative of Eqs. 3-7, combining
with the GNLSE in Eq.1 and using integration by parts,
assuming the pulse amplitude vanishes at infinity [16].
To simplify the equations, we define the nonlinear loss
coefficient:
ΓNL = γTPA|A|2 + σNc. (8)
We will now show the full, general moment equations.
In practice not all terms contribute significantly given
a set of waveguide and input pulse parameters, but for
now we present the most general case. The full moment
evolution equations are:
3dE
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III. MOMENTS OF A HYPERBOLIC SECANT
PULSE
The moment Eqs. 9-13 contain the full GNLSE dy-
namics without assumptions, but it is difficult to ex-
tract trends in this form. They can be reduced to ordi-
nary coupled differential equations by specifying a pulse
shape. The general shape is assumed to be maintained
through propagation, while its parameters are allowed to
vary continuously. Here we will use a chirped hyperbolic
secant pulse, which often occurs in soliton-like propaga-
tion:
A(z, t) =
√
E
2τ
sech
(
t− Tc
τ
)
×
exp
(
− iΩ(t− Tc)− i C
2τ2
(t− Tc)2
)
(14)
The pulse duration τ and chirp C in Eq. 14 are linked
to the RMS values by the constant K = 12/pi2 ≈ 1.22 as
τ2 = Kσt
2 and C = KC˜ [18]. By combining Eqs. 9-13
with Eq. 14, we obtain the set of moment equations:
dE
dz
= −αE − γTPA
3
E2
τ
− σρFC
6
E3
τ
, (15)
dTc
dz
= β2Ω +
β3
2
(
Ω2 +
1 + pi
2
4
C2
3τ2
)
− 7σρFC
72
E2, (16)
dτ
dz
= (β2 + β3Ω)
C
τ
+
γTPA
pi2
E, (17)
dΩ
dz
= − 2
15
nFCk0ρFC
E2
τ2
− 7
72
σρFC
CE2
τ2
, (18)
dC
dz
= (β2 + β3Ω)
4
pi2
+ C2
τ2
+
2
pi2
(γ + γTPAC)
E
τ
. (19)
Notice that the pulse duration Eq. 17 and chirp Eq. 19
depend on the effective GVD β′2 = β2 + β3Ω experienced
by a frequency-shifted pulse [20]. The current equations
do not account for pure TOD broadening, usually a small
effect for pulses longer than 100 fs. Including this would
require a pulse ansatz allowing asymmetry and higher
order phase, which would complicate the equations.
These results are consistent with those from soliton
perturbation theory including TPA and FCD [15], not-
ing that for a secant pulse the peak power P = E/(2τ).
The moment method employed in this work is more gen-
eral as it allows pulse duration and chirp to vary freely.
Consequently, the moment method has a broader range
of applicability across multiple pulse shapes beyond the
assumptions underlying perturbation theory.
In addition to the well-known dispersion and SPM ef-
fects [21], the system of moments in Eqs. 15-19 cap-
ture several important multiphoton and free-carrier ef-
fects unique to semiconductor waveguides. These are
summarised in Table I.
TABLE I. Multi-photon and free-carrier effects in silicon.
Two-photon absorption γTPAE
2/τ
Free-carrier absorption σρFCE
3/τ
FCD acceleration β2ΩFCD
FCA pulse trail suppression σρFCE
2
TPA effective broadening γTPAE
FCD blueshift |nFC |k0ρFCE
2/τ 2
FCA chirped frequency shift −σρFCCE
2/τ 2
TPA chirp redistribution γTPACE/τ
The energy Eq. 15 accounts for nonlinear loss due to
two-photon and free-carrier absorption. It is also clear
that the FCA effect is second-order to the dominant TPA
effect from their respective cubic and square energy de-
pendence. The FCA term in the temporal shift Eq. 16 is
caused by accumulated free-carriers suppressing the trail-
ing edge of the pulse, shifting its center of mass toward
the leading edge. This is usually weak in PhC waveguides
compared to the dispersive effects, which shift the entire
4pulse [25]. The TPA term in the duration Eq. 17 repre-
sents effective pulse broadening due to TPA suppressing
the pulse peak more strongly and is also second-order to
the dispersive effect in PhC. However, the TPA and FCA
temporal effects can be dominant in nanowire waveguides
due to their smaller dispersion [26]. The FCD blueshift
can be seen in Eq.18 (remember that nFC < 0). When
coupled with the dispersion term in Eq. 16, the blueshift
causes pulse acceleration or deceleration, depending on
the sign of β2.
The FCA frequency shift in Eq.18 is caused by asym-
metric absorption of a chirped pulse and is usually small.
For example, using the parameters in section V below,
when C < |nFC |k0/σ = 15, the FCA shift is small com-
pared to the FCD blueshift. Similarly, the TPA term
in the chirp Eq. 19 is due to power-dependent suppres-
sion of a chirped pulse and is also often small. For
the parameters below, the SPM chirp is dominant for
C < γ/γTPA = 2.4. The FCD contribution to chirp in
Eq. 13 cancels out for symmetric pulses, similar to Ra-
man scattering [18].
Another common pulse shape is the chirped gaussian.
The resulting moment equations are similar to Eqs. 15-
19 with different numerical factors and are given in Ap-
pendix A. The essential physics remain the same.
IV. FREE-CARRIER INDUCED BLUESHIFT
AND ACCELERATION
We now use the moment equations to derive new phys-
ical insight about the free-carrier induced frequency and
temporal shifts. The first term in Eq. 18 represents the
free-carrier induced blueshift. This general feature of
free-carrier dispersion in plasmas has been predicted and
observed in gases [27], silicon waveguides [10, 11, 15] and
gas-filled hollow-core fibers [14, 28]. As discussed above,
the second term is due to FCA on chirped pulses, which
is usually smaller than the FCD term for small chirps
and therefore negligible.
The E2/τ2 dependence of the free-carrier blueshift cor-
responds to a P 2 dependance. The pulse duration depen-
dence of the FCD phase cancels out because free-carriers
accumulate over the pulse (Nc is the integral of Eq. 2).
Thus, at constant peak power the free-carrier blueshift is
not affected by pulse duration. This is a key conclusion
of this work. Note that a P 3 dependence is expected of a
three-photon limited semiconductor system [8], while for
near-threshold tunnelling ionization in gases this would
scale as P [14]. As an experimental consideration, we
note other effects which suppress peak power, such as dis-
persion, become weaker for longer pulses. Consequently,
the observed blueshift may be larger for longer pulses in
these systems.
The pulse duration independence of the FCD blueshift
contrasts with the well studied Raman self-frequency
shift (SFS). In general, Raman SFS scales like E/τ3 [18],
corresponding to a P/τ2 dependence. This is expected
since Raman scattering depends on the local pulse steep-
ness (derivative in [18, Eq. 1]) which increases for shorter
pulses.
We now estimate the blueshift accumulated during
propagation. Defining P (z) = E/(2τ) = P0η(z), with
the input peak power P0 and peak power decay factor
η ≤ 1, and assuming nFC < 0, the blueshift becomes:
Ω(z) =
8
15
|nFC |k0ρFC
∫ z
0
P (z′)2dz′,
=
8
15
|nFC |k0ρFCP02zeff . (20)
We have defined the FCD effective length:
zeff =
∫ z
0
η(z′)2dz′. (21)
The effective length zeff capture the effects of linear and
nonlinear losses and other mechanisms reducing peak
power, such as dispersion. For long propagation, zeff
converges to a characteristic length Lmax discussed be-
low. We can also show that for short propagation z ≪
Lmax we have zeff ≈ z. Thus the blueshift is initially
linear in z before converging to a maximum value.
We now estimate the free-carrier induced temporal
shift. To first order, consider the GVD term in Eq. 16:
Tc(z) =
8
15
β2|nFC |k0ρFCP02
∫ z
0
z′effdz
′. (22)
For short propagation the temporal shift Tc ∝ z2, corre-
sponding to a constant free-carrier induced pulse accel-
eration. When the blueshift saturates we have Tc ∝ z, a
fixed velocity from the accumulated free-carrier blueshift.
It is often possible to obtain a closed expression for
the effective length zeff . Moreover, this effective length
converges to a saturated non-linear length Lmax after
sufficient propagation. Table II summarizes the effective
lengths for the main peak power decay mechanisms in
silicon photonics. The decay factors for TPA and linear
loss can obtained from the NLSE Eq. 1. The peak power
reduction from dispersive broadening is obtained by solv-
ing Eq. 17 and Eq. 19 together with GVD only and zero
input chirp. The dispersion length is LD = τ(0)
2/|β2|.
TABLE II. Effective lengths for FCD effects.
η(z) zeff Lmax
TPA (1 + γTPAP0z)
−1 z/(1 + γTPAP0z) 1/(γTPAP0)
Loss e−αz (1− e−2αz)/2α 1/(2α)
GVD 1/
√
1 + 4
pi2
z2
LD
2
pi
2
LD tan
−1
(
2
pi
z
LD
)
(pi/2)2LD
5V. PULSE PROPAGATION IN SILICON PHC
WAVEGUIDES
In this section we study the propagation of pulses in
silicon waveguides and identify the dominant contribu-
tions to the nonlinear pulse dynamics. The system of
moment Eqs. 15-19 can be solved numerically in the gen-
eral case. Solving these simple equations is much faster
than full numerical solutions of the NLSE and can quickly
yield trends for pulse propagation in semiconductors, as
long as the pulse shape does not deviate strongly from
the input. The computational advantage is particularly
strong here since full simulations require the NLSE and
free-carrier equations to be solved together.
The parameters used correspond to a slow-light sil-
icon photonic crystal (PhC) waveguide described else-
where [11, 25]. At a wavelength λ0 of 1543 nm, the ef-
fective modelling parameters are given in Table III. The
slow-light scaling of the bulk parameters used to obtain
these is discussed in Appendix B.
TABLE III. Physical parameters for a silicon PhC waveguide
at 1543 nm
loss 5.0 dB/mm L 0.396 mm
β2 -10.4 ps
2/mm β3 -0.53 ps
3/mm
γ 2948 W−1m−1 γTPA 1207 W
−1m−1
nFC -3.4·10
−26 m2 σ 9.0·10−21 m2
ρFC 1.46 · 10
34 m−3W−2s−1
The input pulse parameters are E(0) = 10.4 pJ,
τ(0) = 0.74 ps and C(0) = 0, corresponding to
an unchirped hyperbolic secant with a full-width half-
maximum (FWHM) duration of 1.3 ps and 4 W peak
power. The coupled moment Eqs. 15-19 are solved using
a 4th-order Runge-Kutta integrator. We present results
with different effects turned off to isolate their influence.
The calculations without TPA correspond to dropping
the power-dependent loss from Eq. 1 while keeping free-
carrier generation active. Although this is not possible
in reality, it allows the influence of multiphoton loss to
be isolated from that of free-carrier effects.
The free-carrier effects are most pronounced when
looking at the frequency and temporal shifts. The
blueshift Ω is caused by free-carrier dispersion, and free-
carrier absorption has a minor effect here. The frequency
shift ∆f = Ω/(2pi) is shown in Fig. 1. The blueshift ac-
cumulates mostly over one effective length. The lengths
scales as defined in section IV are LDmax = 0.13 mm,
LTPAmax = 0.21 mm and L
lin
max = 0.44 mm. In this case, the
blueshift is limited mostly by dispersion and two-photon
absorption, while linear loss plays a minor role. With
TPA loss removed a larger blueshift is accumulated until
dispersion limits the FCD again. For comparison, the
blueshift predicted by the approximate integral Eq. 20
is also plotted. To account for the contribution of dif-
ferent effects to zeff , we apply the effective lengths in
cascade, from the strongest to the weakest effect. Thus,
zDeff is first computed and used as the input for z
TPA
eff .
There is close agreement with the full moments solution,
so Eq. 20 can provide a good estimate of the blueshift
without having to calculate all the moments.
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FIG. 1. Frequency shift ∆f = Ω/(2pi) of a hyperbolic secant
pulse along a silicon PhC waveguide from the full moment
equations with different effects suppressed (lines). Also shown
is the analytic result from Eq.20 including FCD blueshift only
(circles).
The temporal shift Tc is shown in Fig. 2. When the
free-carrier blueshift is combined with anomalous disper-
sion, the pulse advances in time compared to the linear
case [11]. At normal dispersion the pulse would lag in-
stead. The relatively small negative TOD adds a minor
contribution here. In contrast to the frequency shift, the
temporal shift occurs throughout the whole waveguide
since it depends on the accumulated blueshift, not the lo-
cal peak power. The temporal shift Tc increases quadrat-
ically in z as long as the blueshift is increasing linearly
in z, as described by Eq. 22. However, as the peak power
decreases during propagation due to dispersion and loss
during propagation, the FCD blueshift saturates and z
approaches a constant Lmax and Tc increases linearly,
as expected. For comparison, results from the effective
length treatment from Eq. 22 are shown, where the zeff
used in the blueshift calculation was integrated numeri-
cally. The trend is well accounted for, but the temporal
shift is slightly underestimated since TOD and FCA are
not included in the approximation.
The evolution of the pulse duration τ is shown in Fig. 3.
This is dominated by dispersive broadening, while the
free-carrier effects have little incidence at this input en-
ergy. Pulse broadening is slightly reduced with TPA sup-
pressed. TPA slightly broaden the pulse as in Eq. 17,
and this is enhanced by the nonlinear loss which reduces
the SPM pulse compression for anomalous dispersion.
FCD contributes only slightly to temporal broadening.
Removing TOD (not shown) has the exact same effect.
This is because the blueshift increases the effective GVD
β′2 = β2+β3Ω at the pulse center frequency when β2 and
β3 have the same sign, so this is a combined FCD-TOD
effect [25]. The trend for the chirp moment is similar to
60.0 0.1 0.2 0.3 0.4
Length (mm)
−5
−4
−3
−2
−1
0
T
im
e
 s
h
if
t 
(p
s)
Full
Eqn.22
No FCA
No GVD
No TOD
FIG. 2. Temporal shift Tc of a hyperbolic secant pulse along
a silicon PhC waveguide from the full moment equation with
different effects suppressed (lines). Also shown is the analytic
result from Eq.22 with GVD only (circles).
the one for pulse duration and is not shown here.
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FIG. 3. Pulse duration τ of a hyperbolic secant pulse along a
silicon PhC waveguide with different effects suppressed.
The evolution of the pulse energy E is shown in Fig. 4.
Two-photon absorption is the dominant loss mechanism
over the characteristic length LTPAmax , and linear loss also
contributes over the whole length. Free-carrier absorp-
tion plays a minor role here. Removing dispersion en-
hances nonlinear losses slightly since higher peak powers
are maintained without dispersive broadening.
Overall, the FCD blueshift in Eq. 18 and TPA loss
in Eq. 15 are clearly the dominant terms, as mentioned
before. Thus, in many cases it is sufficient to consider
only these two when solving Eq. 15-19 to obtain the main
trends.
VI. COMPARISON WITH SIMULATIONS AND
EXPERIMENTS IN SILICON PHC WAVEGUIDES
We now compare the predictions of the moment
method with experiments and full numerical simula-
tions of the GNLSE given by Eq. 1. The experiments
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FIG. 4. Energy E of a hyperbolic secant pulse in a silicon
PhC waveguide with different effects suppressed.
used a high sensitivity frequency-resolved electrical gat-
ing (FREG) system to probe the temporal intensity and
phase of the output pulses [29]. The waveguide is a sil-
icon PhC with parameters given in Table III, and the
details of the experiments are given in [11, 25]. The in-
put pulses had a fixed input duration of about 1.3 ps
FWHM (τ = 0.74 ps RMS) and the input peak power
inside the waveguide was varied over several watts. The
numerical simulations used the split-step Fourier method
to solve Eqs. 1-2 with the same device parameters and
input pulse as the moment method.
We first consider the free-carrier blueshift Ω in
Fig. 5(a). The blueshift increases quadratically with in-
put peak power over most of the range, as expected from
Eq. 20. The moment method agrees well with NLSE
simulations and experiments, while slightly overestimat-
ing at high powers. This is because the moment method
underestimates pulse broadening, which will be discussed
below in relation to the pulse duration. The trends for
the temporal shift Tc are shown in Fig. 5(b). Free-carrier
acceleration is clearly observed, and agreement is fairly
consistent as it was for the blueshift.
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FIG. 5. (a) Frequency shift ∆f = Ω/(2pi) and (b) temporal
shift Tc from the moment equations, NLSE simulations and
experimental measurements for a silicon PhC waveguide at
increasing input peak power.
The trends for pulse duration are shown in Fig. 6(a).
To better compare with experiments, we use the FWHM
7duration which is less sensitive to experimental noise.
The effective FWHM for the moment method and NLSE
are obtained by scaling the RMS duration by the shape
factor (tFWHM = 2 cosh
−1(
√
2)
√
12/pi2σt for hyperbolic
secant). The agreement is quite good up to 3 W. Disper-
sive broadening dominates while SPM partially cancels
dispersion as power increases. For high powers the mo-
ment method and simulations diverge considerably. As
we discuss in detail in a recent submission [25], this is
caused by free-carrier dispersion induced spectral broad-
ening, which induces temporal broadening when coupled
with dispersion in the NLSE simulations. The moment
method assumes a fixed pulse shape, so it instead pre-
dicts further SPM compression. As discussed before, the
trend for chirp is similar to that for pulse duration and
is not shown.
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FIG. 6. (a) Effective FWHM duration from the moment
equations (1.763τ ) and NLSE simulations (1.763 · 1.1 · σt),
and experimental FWHM duration for a silicon PhC waveg-
uide at increasing input peak power. The dashed line indi-
cates the input pulse duration. (b) Pulse energy E from the
moment equations, NLSE simulations and experimental mea-
surements.
However, as shown above, predictions for the other
moments remain accurate at high powers. The moment
method’s inability to predict FCD temporal broadening
does not affect other predictions as much, since the non-
linear effects like blueshift and TPA accumulate mostly
in the first part of propagation before dispersion and
losses suppress them. In contrast, most of the disper-
sive broadening occurs after significant nonlinear effects
and losses have accumulated, explaining why discrepan-
cies are stronger for pulse duration predictions.
Finally, results for pulse energy E are shown in
Fig. 6(b). The general trends agree well, with TPA caus-
ing significant nonlinear loss. There is some discrepancy
at high powers which could be due to uncertainties in the
effective area and nonlinear coefficients.
VII. TEMPORAL DYNAMICS IN SILICON
NANOWIRES
We now apply the method of moments to a silicon
nanowire waveguide. The waveguide parameters pro-
vided by these devices will allows us to highlight effects
that were not readily observable in the photonic crystal
waveguides discussed so far. We will focus on effective
pulse broadening caused by peak power suppression by
two-photon absorption and temporal shifting due to the
asymmetry of free-carrier absorption.
We use waveguide parameters similar to previous re-
ports [26]. The input pulses have a FWHM duration of
1.3 ps (τ = 0.74 ps) and a centre wavelength of 1545 nm.
The nanowire has a length L = 4 mm, linear loss of
3 dB/cm and dispersion β2 = −1.5 ps2/m. The effective
non-linearity is γ = 349 W−1m−1 and the two-photon
absorption is γTPA = 143 W
−1m−1. The carrier genera-
tion rate is ρFC = 7.9·1033 m−3W−2s−1. The free-carrier
dispersion coefficient is nFC = 1.35 · 10−27 m3 and the
free-carrier absorption is σ = 1.45 · 10−21 m2 [9].
The output pulse duration from the moments method
for increasing input peak power is shown in Fig. 7 and
compared to full NLSE simulations. Dispersive broad-
ening is negligible in the nanowire (LD = 363 mm). In-
stead, two-photon absorption is the dominant broadening
mechanism, as described by the energy-dependent term
in Eqn. 17. The TPA suppresses the peak of the pulse
more strongly, resulting in an effective broadening. With
FCA turned off, other losses are reduced and thus the
TPA effects are strengthened. The quantitative devia-
tion between moments and the NLSE are probably due
to the pulse evolving away from the input shape.
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FIG. 7. Pulse duration τ in a silicon nanowire at increasing
input peak power from the moments method with different
effects suppressed and compared to NLSE simulations.
The output temporal shift for different input pow-
ers in the nanowire is shown in Fig. 8. This is dom-
inated by free-carrier absorption, as described by the
energy-dependent term in Eqn. 16. The accumulation
of free-carriers towards the trailing edge of the pulse
causes asymmetric absorption, causing the pulse tempo-
ral centroid to shift to earlier times. Removing TPA
reduces losses and thus increases the free-carrier density
and asymmetric absorption. In contrast, in the photonic
crystal waveguides the temporal shift is caused by the
free-carrier dispersion coupled with GVD.
Overall, the trends modelled for nanowires are simi-
lar to previous reports [26]. The silicon nanowires rep-
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FIG. 8. Temporal shift Tc in a silicon nanowire at increasing
input peak power from the moments method with different
effects suppressed and compared to NLSE simulations.
resent a distinct regime where dispersion is small and
nonlinear absorption from multi-photon and free-carrier
effects dominate temporal dynamics. In contrast, PhC
devices are dominated by linear and free-carrier disper-
sions which redistribute energy rather than selectively
suppress it.
VIII. CONCLUSION
We have developed a moment method approach to free-
carrier effects in semiconductors including two-photon
absorption, free-carrier dispersion and free-carrier ab-
sorption. General expressions for the evolution of energy,
temporal acceleration, pulse duration, frequency shift
and chirp were obtained. The system of evolution equa-
tions for a hyperbolic secant pulse was obtained. From
this we derived the free-carrier blueshift and temporal ac-
celeration based on an effective length method accounting
for linear and nonlinear peak power losses. We showed
that the blueshift and acceleration depend explicitly on
the pulse peak power only and are independent of the
pulse duration, due to the buildup of free-carriers across
the pulse.
We modelled pulse evolution in a silicon photonic crys-
tal and nanowire waveguides and found that the free-
carrier blueshift is limited mainly by dispersion and non-
linear absorption. The free-carrier absorption was found
to play a negligible role in photonic crystals. In contrast,
free-carrier and two-photon absorption are dominant in
nanowires. Finally, comparing the moment method with
full numerical simulations and experiments revealed good
agreement for free-carrier phenomena such as multipho-
ton absorption, blueshifting and temporal acceleration.
The temporal pulse width and chirp can be accurately
predicted as long as free-carrier spectral broadening cou-
pled with dispersion does not significantly distort the
temporal pulse.
Overall, the moment method is a powerful tool for iso-
lating the basic scaling laws behind complex multiphoton
and free-carrier pulse shaping effects in silicon photonics.
It also allows rapid calculation of pulse evolution trends
in actual silicon waveguides to understand and optimise
their design. The results and methods developed here ap-
ply to any two-photon absorption semiconductor waveg-
uides and can be straightforwardly extended to n-photon
absorption systems.
Appendix A: Moment equations for Gaussian pulses
Here we derive the moment equations for the common
case of a chirped gaussian pulse. We assume the pulse is
given by:
A(z, t) =
√
E√
piτ
exp
(
− 1 + iC
2τ2
(t− Tc)2
− iΩ(t− Tc)
)
. (A1)
Similarly to the hyperbolic secant above, the pulse dura-
tion and chirp parameters are linked to the RMS values
by the constant K = 2 as τ2 = Kσt
2 and C = KC˜ [18].
By combining Eqs. 9-13 with Eq. A1, the moment
equations are found to be:
dE
dz
= −αE − γTPA√
2pi
E2
τ
− σρFC
2
√
2pi
E3
τ
, (A2)
dTc
dz
= β2Ω+
β3
2
(
Ω2 +
1 + C2
2τ2
)
− σρFC
2
√
3pi
E2, (A3)
dτ
dz
= (β2 + β3Ω)
C
τ
+
γTPA
4
√
2pi
E, (A4)
dΩ
dz
=
−nFCk0ρFC√
3pi
E2
τ2
− σρFC
2
√
3pi
CE2
τ2
, (A5)
dC
dz
= (β2 + β3Ω)
1 + C2
τ2
+ (γ +
γTPAC
2
)
E√
2piτ
. (A6)
The dependence on moments and physical parameters is
the same as for the hyperbolic secant case, as expected
since both pulse shape are symmetric and smoothly de-
caying. The quantitative factors are different, but of the
same order. For instance, the FCD blueshift constant for
a gaussian is 1/(
√
(3)pi) ≈ 0.18, while for a hyperbolic
secant it is 2/15 ≈ 0.13. If we convert from energy to
peak power, this becomes 1/
√
3 ≈ 0.58 for a gaussian
and 8/15 ≈ 0.53 for a secant, even closer.
Appendix B: Slow-light scaling of bulk parameters
in photonic crystal waveguides
Slow-light photonic crystal waveguides strongly en-
hance non-linear interactions by reducing the group-
velocity of optical pulses [30]. This can be included in
the regular NLSE by scaling the bulk parameters by a
slow-light factor S = ng/n0 [10].
9The parameters in Table III were obtained using S =
6.2 from an experimentally measured ng = 21.5 combined
with the refractive index of silicon n0 = 3.46 [25]. The
Kerr index is then n2 = S
2 ·6 ·10−18 m2/W and the two-
photon absorption is αTPA = S
2 ·1·10−12 m/W [31]. The
free-carrier absorption is σ = S · 1.45 · 10−21 m2 [9]. For
the free-carrier dispersion, we use nFC = S · 5.5 · 10−27
m3. This is higher than previously reported value, which
could be due to the different scalings of the electron and
hole contribution to free-carriers [22]. The linear loss is
α = S · 0.8 dB/mm and the effective area is Aeff =
0.32µm2.
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